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A COMPREHENSIVE STUDY ON
OSTROWSKI-TYPE INEQUALITIES:
MULTIPLICATIVE CONFORMABLE FRACTIONAL
INTEGRALS APPROACH

Biigra Betiil Ergiin and Hiiseyin Budak

Abstract. In this paper, we first recall the concept o f the multiplicative conformable fractional
integrals (MCFI) and their several properties. Then, we establish the Ostrowski type inequalities
in two distinct senses for multiplicative conformable fractional integrals. The reason for consid-
ering two distinct types of Ostrowski-type inequalities is to capture a broader class of functions
and provide more general results that can be applied in different settings within the framework
of multiplicative conformable fractional calculus For this aim we first prove two new equalities
for multiplicative differentiable functions. Then, by advantage of these identities, we prove some
Ostrowski-type inequalities by using the concept of multiplicative convex functions and the well-
known Holder inequality. Moreover, we establish Ostrowski type inequalities for functions whose
multiplicative derivatives are bounded. By special cases, we present the relations between newly
obtained inequalities for MCFI and existing results for multiplicative Riemann-Liouville fractional
integrals (MRLFI) and multiplicative integrals. Furthermore, we give some new Ostrowski type in-
equalities for multiplicative integrals and MRLFI. Finally, we give several examples and 3D graphs

to illustrate the main results.

1 Introduction

Convexity is a fundamental concept in mathematics, especially in the fields of analysis
and calculus. It provides a basic framework for analysing and modelling relationship
between variables. Convexity allows for the formulation of precise properties such
as concavity and monotonicity. In analysis, inequalities such as Jensen’s, Hermite-
Hadamard and Ostrowski’s inequalities are expressed using convex functions. A
function w : I C R — R is said to be convex if the inequality

@ (x4 (1= &)y) < () + (1 - w(y)
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holds for all sc,y € I and £ € [0,1]. (see [57]). As a result, convexity is one of the
fundamental building blocks of mathematics and has a wide range of applications.
Some of these include decision-making, modelling, analysis, economics, and finance.
For more information, sources [11, 22, 31, 56] can be consulted. Inequalities are one
of the fundamental elements of analysis and other mathematical disciplines. Histor-
ically, inequalities have emerged independently in various fields of mathematics and
have gradually developed into a systematic area of research. In antiquity, inequalities
were implicitly addressed in FEuclid’s "Elements”, with the triangle inequality being
particularly noteworthy. During the Middle Ages, Indian and Islamic mathemati-
cians contributed to the study of algebraic inequalities and number theory through
various works. In the 17th and 18th centuries, Bernoulli’s inequality and the in-
equalities developed by Cauchy [15] and Lagrange [9] laid the foundations of modern
inequality theory. In the 19th century, classical inequalities such as Cauchy-Schwarz
[10, 68], Jensen [2, 44|, and Hoélder [69] emerged, gaining significant importance in
the field of analysis. In the 20th century, mathematicians like Hardy [66], Littlewood
[21], and Polya [3] conducted systematic studies on inequalities, further advancing
this field. During the same period, new inequalities such as Ostrowski and Hermite-
Hadamard were discovered, and research on integral inequalities gained momentum.
Today, studies on fractional and conformable inequalities in the context of fractional
derivatives and integrals are attracting great interest. Inequalities continue to play a
powerful role in many areas of mathematics and are actively studied in research fields
such as optimization, probability theory, functional analysis, and fractional analysis.
For more information on the history of inequalities, see sources [14, 30, 47].

The Ostrowski inequality, which evaluates the error bounds of functions over a
given interval, holds significant importance in analysis and numerical computations.
This inequality was first introduced by Alexander Ostrowski in 1938. The funda-
mental form of this inequality is as follows: Let w : I — R be continuous on (o, J),
whose derivative @’ : (0,d) — R is bounded on (o,4), i.e.,

||| := sup |@'(5)| < 0.
»€(0,0)
Then
g 2
1 L, (»=%°) :
_ < |Za = 27 _
o)~ 525 [ w@a| < | 3+ T E | 6= ol

for all sc € [0, ] [51]. This inequality bounds the difference between the value of a
function at a specific point and the integral mean of the function over a given interval.
Ostrowski’s inequality has been generalized in the literature for various fractional
integrals. For example, it has been extended to Riemann-Liouville fractional integrals
[25, 26], k-fractional integrals [49, 55, 58, 70|, k-conformable fractional integrals [64],
and conformable fractional integrals [61, 34, 60]. Additionally, the generalization of
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Ostrowski’s inequality through various types of convex functions has been extensively
studied. These include m-convex functions 36|, h-convex functions [41, 67|, p-convex
functions [32, 65|, F-convex functions [20, 23], s-convex functions [37], MT-convex
functions [42], bounded functions [6, 24|, coordinated convex functions [40], and
quasi-convex functions [8], etc.

Multiplicative calculus was developed by Grossmann and Katz by defining a new
type of derivative and integral, where addition and subtraction were replaced by mul-
tiplication and division. Although it did not receive much attention at the time, in
the 21st century, its advantages in fields such as engineering, economics, biology, and
finance have been recognized, making it a more widely researched topic. Multiplica-
tive calculus is the multiplicative version of classical differential and integral calculus.
While changes are considered additively in classical calculus, they are considered mul-
tiplicatively in multiplicative calculus. Classical calculus examines changes in terms
of absolute differences, whereas multiplicative calculus examines them in terms of
proportional changes. In fields such as finance, biology, and engineering, where clas-
sical approaches may not yield sufficiently accurate results, multiplicative calculus
can be considered an effective alternative. In conclusion, multiplicative calculus pro-
vides an effective alternative in cases where the direct application of classical calculus
is difficult or inefficient. This method, which is based on ratios and multiplicative
changes, has significant applications in various fields such as economics, physics,
biology, and finance[29, 63]. In multiplicative calculus, various properties of mul-
tiplicative derivatives and integrals were presented in the study [13| by Bahirov et
al. In recent years, multiplicative calculus has rapidly grown into an active research
area. Scientists have been motivated to study and develop various inequalities within
this framework. Recently, Ali et. al.[4], established the following results: Let @ be
a positive and multiplicative convex function on interval [o,d], then the following
double inequality holds

1
4 6—0o

w(”;5>g [@en=] < Va6,

g

Moreover, Ali et. al. [5] were the first to establish the Ostrowski inequality using
multiplicative calculus. This inequality is stated as: Let @ : I° C R — R'tbe a
multiplicative differentiable mapping on I°, 0,6 € I° with 0 < 6. If |Inw*| <1n M,
then we have the following Ostrowski inequality for multiplicative integrals

(=0) | 1+ =02

() / (@) | |<u ,

_otd 2}

for all s € [0, ]. In the same paper, the authors also proved some Simpson-type
inequalities for multiplicative convex functions. Khan and Budak [35] derived two
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new identities for multiplicative differentiable functions. Using these identities and
multiplicative convex functions, they established inequalities related to the two sides
of the Hermite-Hadamard (HH) inequality for multiplicative integrals. Berhail and
Meftah [16] also obtained two new identities for multiplicative differentiable func-
tions. With the help of these identities, they developed midpoint and trapezoidal-
type inequalities. These results extend the findings by Khan and Budak. Ozcan
[52] generalized the HH inequality for h-convex functions. In another study, Ozcan
[53] derived HH-type inequalities for multiplicative preinvex functions. Mateen et al.
[43] introduced new identities for generalized differentiable convex functions. Using
these identities, they obtained Simpson and Newton-type inequalities for generalized
differentiable convex functions. Zhan et al. [71] investigated integral inequalities
of the Ostrowski and Simpson types for multiplicative differentiable functions. In
Ozcan’s study [54], new HH-type integral inequalities were established by employing
properties of preinvex functions and multiplicatively s-preinvex functions. Meftah
et al. [45] derived Ostrowski’s inequality for multiplicative differentiable functions.
In another work by Meftah et al. [46], a new identity was established using the two-
point Newton-Cotes formula. This identity was then used to derive the conjugate
of Ostrowski inequalities for multiplicative differentiable convex functions. More re-
cently, Abdeljawad and Grossman [1] introduced multiplicative Riemann-Liouville
fractional integrals. Subsequently, Budak and Ozcelik [19], utilizing properties of
multiplicative convex functions, established two new HH-type inequalities for multi-
plicative Riemann-Liouville fractional integrals. Moumen et al. [48]| derived a frac-
tional integral identity for multiplicative differentiable functions, which led to a new
Simpson-type inequality for multiplicative convex functions. Meftah [45] proposed
a new fractional identity, and using this identity, a new Ostrowski inequality was
derived for multiplicative convex functions. For some papers devoted to inequalities
for multiplicative integrals, please refer to |71, 43, 39, 27, 59, 17]. In [12], Bas et al.
introduced new version of the multiplicative Riemann-Liouville fractional integrals
and derivatives. They also presented several properties of these operators. Recently,
Budak and Ergiin [18] first introduced the multiplicative conformable fractional in-
tegrals and present several properties of these operators. Then, they obtained three
new types of HH-type inequalities for newly introduced multiplicative conformable
fractional integrals. They also established the corresponding midpoint and trapezoid-
type inequalities for each HH-type inequality.

This article consists of five sections, including the introduction. In Section 2,
first, multiplicative derivatives and multiplicative integrals are reviewed, and var-
ious properties of these concepts are provided. Then, after presenting the basic
form of Ostrowski’s inequality, the Ostrowski inequality for multiplicative integrals
is discussed. Moreover, the definitions of Riemann-Liouville fractional integrals and
conformable fractional integrals are recalled, and the Ostrowski inequalities for these
fractional integrals are explored. Ostrowski inequalities are considered in both the
first and second senses, and an Ostrowski inequality is presented for multiplicative
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Riemann-Liouville fractional integrals. Additionally, the definitions of multiplicative
conformable fractional integrals are provided, and some properties of these fractional
integrals are recalled. In Section 3, an identity for multiplicative conformable frac-
tional integrals is derived, and using this identity, Ostrowski inequalities in the first
sense for multiplicative conformable fractional integrals are obtained. This section
also includes analyses and numerical examples related to these inequalities. Fur-
thermore, an Ostrowski-type inequality in the first sense for bounded functions is
derived, and results related to this inequality are discussed. In Section 4, another
identity for multiplicative conformable fractional integrals is derived, and using this
identity, Ostrowski inequalities in the second sense for multiplicative conformable
fractional integrals are obtained. This section also includes analyses and numerical
examples related to these inequalities. Additionally, an Ostrowski-type inequality
in the second sense is derived for bounded functions with the help of a lemma, and
results related to these inequalities are discussed. Finally, in Section 5, we discuss
the conclusions of our study and highlight potential directions for future research.

2 Preliminaries

2.1 Multiplicative Calculus

Proposition 1. [13] If w is positive and Riemann integrable on [o,], then w is
multiplicative integrable on [o,0] and

) )
[ @ = e [ in(e(o)is

Proposition 2. [13] Under the condition that the functions w and ¢, being posi-
tive,are multiplicative integrable on the interval [0, 0], it is evident that the properties
given below are applicable.

(w(%))d"", o<c<é,

R
A —,
q

X

=

N

|
A —a
g

X

=

X
0=,
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a § o -1
5 [(@w(3)¥ =1 and [(w(3))¥ = <f(w(%))d”> :

Definition 3. [13] Consider the function @ : I — R and assume that its *derivative
exists. The notation w* symbolizes multiplicative derivative of w (shortly *derivative
of the function w), which is expressed as

w (%) = d*fczi%> = exp {(1n w(%))/} .

Proposition 4. [13] Suppose that the functions w, ¢ : I — R are *differentiable,
and the function h : I — R is differentiable on I°. If the constant ¢ > 0, then the
functions cw, w + ¢, wo, %, w" and woh are all *differentiable on I° as well, and
the listed below properties holds:

1. (cw)*(3) = w*(x),

2. (@ + )" () = [@* (3] T3 [3* ()] To007

3. (@) (3) = @w* ()" (),
4 (3) =5
5. (@) (5) = @ (30)" e (5)W' (),

6. (w o h)*(3) = w*(h(s))" ).

Definition 5 (Multiplicative absolute value). [28] Let x € R.. The multiplicative
absolute value is defined as follows

= af O<zxz<l1.

Remark 6. The classical absolute value and the multiplicative one are linked by the
following relation

|exp{z}|« = exp |z|
and

|In(z)| = In |z|..

The following theorems give the integral-by-part formulas for multiplicative in-
tegrals,which will be used in the main results.
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Theorem 7. [13] Let w : [0,0] — R be multiplicative differentiable and ¢ : [0,] — R
be differentiable so the w?® is multiplicative integrable. Then

N (w(5))¢(5). 1 _
U/(( (%)) ) (w(0))%0) f((w(%))d),(%))d;{

oz

Theorem 8. [5] Let w : [0,6] — R be multiplicative differentiable, let ¢ : [0,] — R
and h : I C R — [0,0] be two differentiable functions. Then we have

L oNdr $(5)
/ (e (b)) :wfzgiww ! /
[ (@ (h()”)

dse’

g

2.2 Some Definitions and Several Ostrowski Inequalities

Definition 9. [57] A non-empty set K is said to be convez, if for every 0,6 € K we
have
oc+&(6—o0)e K,V e[0,1].

Definition 10. [57] A function w is said to be convex function on conver set K, if

w({x+ (1= §y) < Ew(s) + (1 - Hw(y)
for all e,y € K and £ € [0,1].

Definition 11. [50] A function w is said to be log or multiplicatively convex function
on convez set K, if

@&+ (1= &)y) < [w()] [w(y)] 7
for all e,y € K and £ € [0,1].

Remark 12. If a positive function w is a multiplicatively convex, then the function
Inw is a convexr function.

Definition 13. Euler Gamma function, Beta function and incomplete Beta function
are defined by

[(3) := /OO e lem8de

0

1
B(oe,y) = /O (1 — e lde
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and .
Bloyr) = [ &l 1- g
0
respectively for 0 < s,y < oo and r € [0, 1].

Definition 14. [38] Let the function w € Li([0,d]). For the order > 0, the
Riemann-Liouville Fractional Integrals (RLFI) Jerw(%) and Jfﬁw(%) are defined
by

T8 () = = / T F T w(e)de, x>0

Q)
and
é
7o) = g [ (€= 0" (@, 5>

respectively. Here I represents Euler Gamma function.

Theorem 15 (Ostrowski type Inequality in the First Sense for RLFI). [62] Let
w : [0,0] C [0,00) = R, be a differentiable mapping on (o,9), such that @’ € L{o, ).
If |&' ()| < M, 3 € [0,0], then the following inequality for fractional integrals with
B > 0 holds:

(o) g - F(ff " [ + 22wt

< M [(5e—0)PHL 4 (6 — )P+
“d—o0 B+1

where I is Fuler Gamma function.

Theorem 16 (Ostrowski type Inequality in the Second Sense for RLFI). [26] Let
w : [0,8] C [0,00) = R, be a differentiable mapping on (o,0), such that @' € Lo, d].
If |@'(5)| < M, 5 € [0,0], then the following inequality for fractional integrals with
B >0 holds:

] (7= 2) + 0= ) @) - F(ff ) [t + I ) \

< BM [ (5 — )P+ + (6 — 5)P+1
“d—o0 B+1

where I' is Fuler Gamma function.

Definition 17. [19]The multiplicative left Riemann-Liouville Fractional Integral (ﬂ'fw) ()
of order B > 0 is defined by
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(o17%) (39) = exp { (7 (mom)) ()}

and the multiplicative right one <*I5’Bw> (5) is defined by

(wa) () = exp {(Jf_ (In ow))(%)} .

Theorem 18 (Ostrowski Inequality for MRLFI). [/5] Let @ : [0,8] — Rt be a
multiplicative differentiable mapping on [0,6]. If |Inw*| < In M on [0,6], then we
have

L(8+1)

‘(a(z))“””iw ((t0=) @) (2= (@)

where I is Fuler Gamma function.

(5=3)P 14 (e—0)BFT
<M FTD—0)

Definition 19. [33] Let the function w € Li([o,0]). For the order § > 0 and
€ (0,1] , the Conformable Fractional Integrals (CFI) ﬁ]g‘w(%) and ’élg‘w(%),
correspondingly, are defined by

L=l = 75 ] ( s ")a)ﬁl (€ — o) L (€)dg, % >

and

i@ F(lﬁ j ( —- 9) (0 - ) w(E)dg, 6 > .

respectively. Here , I' represents Euler Gamma function.

Theorem 20 (Ostrowski Inequality in the First sense for CFI). [61] Let w : [0, ] —
R be a differentiable function on (0,6) and @' € Llo,d]. If |@' ()| < M with » €
[0, 0], then the following inequality for Conformable Fractional Integrals holds:

4 [f300) +2 szm(o)] - (EE 2L C=AT o

M 1
< WB <a,ﬁ + 1> |:(%_ 0-)04,34-1 + (5 _ %)aﬁ+1:| 7

where o, 5 > 0, B(s,y) and I" are Beta and Euler gamma functions respectively.
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Theorem 21 (Ostrowski Inequality in the Second sense for CFI). [7] Let w : [0, ] —
R is a differentiable mapping on (0,0). If @' belongs to L{o, ], and |@'| is a convex
mapping on [o,d]. Consequently, we deduce the following result for o, 8 > 0,

1) [ + P asso)] - (U5 i d ")aﬂ) =)

< (6 =) Bi(a, B)@'(8)] + Au(e, B)|w' ()]
+(5¢ = o) [By(a, B)[w' (0)| + As(a, B (50)).

Here,
Ao, B) = j[;ﬂ_(pg_g)a)ﬁ] (1 €)de
0
3t
and

(1 _ e\ B
aﬁ (6%
1 (1 1 2 1 1
L[ (Ze) - (L))
af |2 « «a «a «a
2.3 Multiplicative Conformable Fractional Integrals

In this subsection, we recall the multiplicative conformable fractional integrals(MCFI)
and present some properties.

Definition 22. [18/The multiplicative left conformable fractional integral (glf‘w)(%)
of order >0 and a € (0,1] by

(GTe@)0) = expo {113 (now)())}

< onint [ (L)

[

and the multiplicative right conformable fractional integral (fl’?w)(%) is defined by

(=) = exp {21 (nom)(x))}
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)
B 1 (6 =) ==\ (Inow)(€)
oo F(ﬂ)! () g

Here, I is Euler Gamma function.

Theorem 23. [18] It is assumed that the function w : [0, ] — (0, +00) is *integrable.
Then, both ng‘w(%) and fl'g“w(%) operators are multiplicative integrable on [0, d].

Theorem 24. [18] Assume that the function w : [0,8] — (0,400) is integrable.
Then, we arrive at the conclusion that, both In (ngw(%)> and In ij;%D(%)) operators

are exhibits continuity on [o,d].

Theorem 25. [18/Suppose that w : [0,d] — (0,+00) is a *integrable function and is
bounded on [o,8]. Then, both 2T%w () and fIg‘w(%) operators are correspondingly
bounded on [o,0] as well.

Theorem 26. [18/Suppose that the functions w and ¢ : [0,0] — (0,+00) are *in-
tegrable on (0,0). The operators ngw(%) and fIg‘w(%) are multiplicatively linear.
That s, we can get

ST (=6 () = [T ()] 2z
and
TR (=0 () = [(Tiw ()] (TR0
for m,n € R.

Theorem 27. [18/Let w : [0,0] — (0, +00) be a continious function, where 0 < o <
9, and with « € (0,1], 8,7 > 0. Then, it follows that for all » € [0,0], we obtain

ST [ Tw ()] = FDTw () = JI2 |ST0w ()|

and
T NI w ()] = T Tw () = 15 (i)

3 Ostrowski Type Inequalities in the First Sense for MCFI

3.1 Ostrowski Type Inequalities in the First Sense for Multiplica-
tive Convex Functions

Lemma 28. Suppose that @ : [0,8] — Rt is a multiplicative differentiable function
defined on (0,9). If w* is multiplicative integrable on [0, 8], then the following equality
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holds:

I(B+1
[gIﬁ‘w((s).’fIﬁw(a)}( :

(5—%)aﬁ+(%—a)aﬁ)
B

W(%)( | (se—g)B+1
: L/ <[w*(’f”+<1§>a>]<l“ﬁ“>ﬁ)4

| (1=tz0m)? 4] 0=
><|:0/([w (Ex+ (1= = ) ] |

Here, T is Fuler Gamma function.

Proof. Let R be the right side of (3.1) and let R := R; x Ry. Here

Ry = /1 (1= (e —§>o>]‘<l_(f£)a>ﬁ)
0

d¢

and

mo= [ (1= (- 9=

0
By using Theorem 8, we have

1—(—e)@\ A\ ¥
B = ([w*@%ﬂl—oon‘((a“ ) )

1-(1-6)*\? dg
- { ([W*(S%Jr(l—{)a)]((a)) <w>> ]

[w(3)]” =) !

o —__

o _

(3.1)

1 1

[w(o)® e —
[fl ([w(£%+(l—£)g)}_ﬁ(l_£) (%)5 > ]
0

@7 [
o

Ct—

()]

5= (09 (e (- ogac |
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X exp ﬂ(%_;)aﬁﬂ ](% —k)e! <(% —o)* ; (> — k)a>ﬁ1 In(k)dk

o

F(,8+2) .
x—o)B+t
[ffgw(a)} Ge=o)

- 1
CU(;{)aB(u—a)

and similarly

By using (3.2) and (3.4), taking power of (3 — 0)®**! for Ry and the power of
(6 — 22)*P+1 for Ry, and considering the formula R = R; x Ry, we obtain the equality
(3.1). Thus, the demonstration of Lemma 28 is concluded. O

Remark 29. If we appoint » = UTM in the equality (3.1), then the equality (3.1) is

equal to
r(g+1)af20871
(6—0)P

2

[{i;‘; Iow (8) P12, (o)

= ()

j ([W* (§0+%5)] (lﬂﬁ‘y)d&
= xofl ([w (2550_;_35)}(1—(1;5)")&)515 |

which is demonstrated by Budak and Ergiin in the paper [18, Lemma 4].
Corollary 30. If we pick o = 1 in (3.1), then we obtain the next identity for MRLFI:

:|F(5+1) (5—%)[3"'1

[%IEW((S).*IQW(U) = /1 ([w*(§% +(1— f)(ﬂ(kgﬁ)yé
0

w(%) ((57%)ﬁ+(747¢7)5)

(5e—0)B+1

1
< | [ (et - o 0-)"
0
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Theorem 31. Assume that all conditions of Lemma 28 are met. If |c*|, is mul-
tiplicative conver over [0,0], then, for a € (0,1], § > 0, we establish the following
Ostrowski inequality regarding MCFI

(B+1
[glfw(é).fIgw(o)}( :

3.5
w) (3.5)
B

w(%)( @

. P _yes+1] (@) ro o) OBHL (5 syab+17 Ki(e,B)
< [l @I @ @O e T O .

*

Here,
(1= (-9
Ki(0,f) = ( G ) de
O/ «
1 1 2
- [B(or1g) B (o))
and

(o ) =:bf<1‘(2‘5p)ﬁ<1—5w5
0

1 2
- a6+13<5+1’a>'
Proof. Consider multiplicative absolute values in Lemma 28, we obtain

D(B+1
[ﬁsz(é).fzgw(a)] )

(5—%)a5+(%—g)a5)

w0 *
(1—(1—sw>ﬂ

_(1—(2—£W>B

Leveraging the multiplicatively convex characteristic of |c*|, on the domain [0, J],
we can subsequently infer

IInw* (s + (1 —&)d)| d€ (3.6)

1
< exp (5—%)aﬁ+1/
0

1
X exp ¢ (2 — J)O"BH/ Inw*({x+ (1 —&)o)| dE
0

Inw™ (£ + (1 = £)6)| = In | (§2e + (1 = £)0) |« < &n @ ()« + (1 = &) 1n\w*((5)|»;
3.7
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and

In@ (&2 + (1= &o)| =In[@"(Er+ (1 = §)o) |« < @™ (5] + (1 = &) In | (o)l
(3.8)
for all £ € [0, 1].
When the inequalities (3.7) and (3.8) are applied to (3.6), we obtain following
inequality:

(B+1
[glfw@).flzw(o)}( )

(5—x>aﬂ+<%—a>aﬁ)

w(%)( P

Fl /1 — (1 — oA
P {“ - | [(l(lag)) ] (¢lnle" (o)l + (1-€) lnw*w)*)ds}
0

(1 B
[(1@@) ] <§1nw*<%>*+<1g)lnw*wndf}

IN

<(%—a)°‘f8+1 In |o* (%)]*£<W)5£d§
1
(5 — o)+ In | (0 y*of 1- ) (1 —£)d§>
(

S B L e ML LA L
o= )L (00 B) I [ () + (e = )T (0, 8) In e ()

—x % x—g)¥Pt1
{T1<a,/3> (i f=* @)1 4 oo () ) }
exp

— B+ (5 g)aB+1
+K (o, B) In @ (5)| 0" )

= Jep {n (J=* @10 et @)}

8 [GXP {ln [ (50)| ) G H K (e,8)

)aﬁﬂ} 1(a,8) [ ’(%_U)a6+1+(5_%)a6+1 Kl(aﬂ)'

* w—a) BT 5— *
= [l @ = o) = ()L

This ends the proof of Theorem 31. 0
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Corollary 32. Let @ : [0,0] — R be a multiplicative differentiable on (o,0). If
|Inw*| < InM on [o,], then we have the following Ostrowski inequality for MCFI

I(8+1)
V12%(6) /12w (0)] (e Y (i )

((57;4)045“%70)&5)
w(%) aB

*

Here, I' is Euler Gamma function and B is Beta function.

Corollary 33. Picking o = 1 in Corollary 32 gives the approaching Ostrowski-type
inequality with the MRLFI:

I(B+1)
[%IEW((S)*IEW(J) (5P 14 (e=0)PH1)
<M B+1 .

w(%) ((67%)ﬁ+(%70')ﬁ)

*

Corollary 34. Picking 8 =1 in Corollary 33 we obtain the Ostrowski inequality for
multiplicative integrals:

5 " (o)
! =) (024 Geme)?)

<M 2
@ () -
*
Corollary 35. If we set » = UTM in Theorem 31, we obtain the next inequality of

midpoint-type:

r(8+1)aP 2081
(6—0)B
LT () £z (o)
2 2

= ()

*

< luw*(a)Mw*w)r*)%@ 9 ‘w* <0-2H5)

Since |@w*|« is a multiplicative convex function, the inequality (3.9) can be written as

P (5—0)
2K1(a,ﬁ)] 1

*

oP20B71r (541
(570)“/6
|:rt87+51>?w (6) .fI?;M w (0'):|
2

2 * * (=9) 1
@ < (" @)l (0)) 2P

@ (

*
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Corollary 36. In the case where we select « = 1 in Theorem 31, we acquire the
next inequality of Ostrowski-type with MRLFI

(8+1
[%Ifw(é).*lﬁw(o—)}( )

w2 (50) (E= 0+ G=0)?)

*

< [’w*(a)|£z—a)6+1 ’w*(5>|*(57%)ﬁ+1} m [’w*(%)lgff—U)'BH-&-(é—%)B“ ﬁ .

Corollary 37. If we pick f = 1 in Corollary 36, we acquire the next inequality of
Ostrowski-type:

[

Example 38. The function w(sx) = e is positive and the function |w* ()|, =
e?* is multiplicatively convez. For the values 0 = 0,6 =1 and »x = %, we have

=5
(W(S))d§>

w()

A —,

2241

o ()| = (@ (o)) = 1, (3.10)
a « O‘ﬁ
o (5)[ 00 = (@ (a)) @ = 23T (3.11)
* (5e—0)¥BHT L (§—s)@B+1 * (se—0) 2 BHLp(§—s)B+1 % (ltigirlg
|* (5)]« = (@"(%)) =e (3.12)
and
(o) _ p(ae)
w () o = \3%xal ] (3.13)

By Definition 22, we have

At
= 1Z=()

1 B-1 _
_ 1 (5" —(€=35)" NN e
= exp () 1/ < 5 ) <f 3> In(et e

3

1 B—-1 _
_ 1 (3)" - (€-35)" IR
. F(B)/( \ ) (¢-3) (@nae

3
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F(lﬁ)/<<§>“—§—;>“>“ (-2 [(e- 2o d) ]

[ 1\2 2 1\ 10
_(5‘3) ilea) s

1
gaf+1 2 2 21 5
- - _ 812 a e _
T(3)305 108 /(1 u) <3u + U + 3> du
0

dg

= exp

= exp

1 1 1
20h+1 2 2 2 1 5
2 120w lus Y Yl / 1 — )P 1
T ()37 +ial 3/( w)’ du+3/( w)’ " u du—|—3 (1—wu)’"du
0 0 0

Qab+1 2 1 5
= exp {I‘(ﬁ)3a5+2a5 [23 <a + 1,ﬁ> + 2B <a + l,ﬂ) + ,8]}

and similarly

= exp

—N— —— —— ——
!
8**
/N

—
)
SN—
Q
|
° &=
|
=
SN—
Q
N——
¢
N
s
|
W
N————
o
L

Tiw(o) = [T¢w(0) (3.15)
3

1 2 1 10
o { smorman |2 (5 +1.7) 28 (5 +1.9) + 5.

From the equalities (3.13)-(3.15), we get the left hand side of Theorem 381 as

L(B+1)
(T w(6)iTzm(0)]

(57%>a5+(%7¢7>a5) (3.16)

w(%)( of
[gzgwu)fz?w(o)] L(B+1)

14228

)<3a6a6>

Lol

=

exp {W [B (B.2+1) (2202 4 1) + B (B, L +1) (20042 1) + 10 (1 4 20@6’)} }

10 (14228
e9 3aB,8

— |exp {3agfaa5 [B (5, % + 1) <2a5+2 + 1) +B (5, é + 1) (2&/”2 - 1)} }

and from (3.10)-(3.12), we get

*

Ti(a.f) aft1 ap+17K1(a,8)
sy ()BT §—syen+1] Tl s\ (r=0) B H L4 (5—50) )

= ()]t [ (8.0 & ()| 317)
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afB+1
w

= @ En=?

- [@o®™" <w*<1>><z>aﬂ+1r“aﬁ> (= (1))

2 1+2aﬁ+1 Kl(aaIB)
€§ 3afB+1 ]

afB+2 ) 1 + 9af+1
= eXp{(;aB—o—l> Tl(aaﬁ)+ ( . (301—;4-2 )>K1(Oé,ﬁ)}

Here, we take advantage of Ti(a,B) and Ki(«, ) as defined in Theorem 31.
Finally, by the equalities (3.16) and (3.17), the inequality (3.5) reduce to

exp {?,aﬁfw [B (5, % + 1) (2“5“ + 1) +B <ﬁ, é + 1> (2a5+2 _ 1)“ *

aff+2 af+1
< exp { <§W> T (o, B) + (%) Kl(a,ﬁ)} . (3.19)

One can see the validity of the inequalities (3.19) for B € (0,2) and o € (0,1] in
Figure 1.

(@ (5))(5,,{)aﬁ+1} T1(ov,3) [(

X o) B L (§— sy eB+17 K (0 B)
(30)) )07 } (3.18)

(1) (2)o8+ Ki(a,B)
3 3

r o T1(e.B)
= €2X(%) ﬁ+1:| [

[ The left term
[ The right term

Figure 1: Comparison of the terms of the inequality (3.19)
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Theorem 39. Let w : [0,0] — RT be a multiplicative differentiable function on
(0,0). If |Inw*|? is conver on [0,6], for ¢ > 1 with p~' 4+ ¢q~1 = 1, then, for 3 >0
and o € (0,1], the following inequality pertaining to MCFI holds:

r(B+1)
[glfw@).ffgw(a)} (

(5—%)&B+<%—a>aﬁ)

W(%)( *
< exp {(% —0)* 1 [By (0, B,p)] ¥

*

<<lnw*<%>|*>q ' <1n|w*<a>|*>q);}

><exp{(5—%)”‘ﬁJrl [Ba (a,ﬁ,p)]% (( 2

Here, I and B are Euler Gamma function and Beta function, respectively and

By(afp) = j((“({“—f)a)ﬂ)pds
0
= a’;’HB<pﬁ+1’;)'

Proof. We now analyse the integrals on the right part of (3.6). By appliying the
Hoélder inequality, we obtain
(=)

1
exp % aﬁJrl /
0

1 N
< expd (e — o) /(( —%) ) ) & | [ et (- go)f g
0 0

Using the convexity of |Inw*|?, we get that

Inw* (&2 + (1 - §)o)| dg

1 1
/ I (&3¢ + (1 - Oo)|7de < / €10 5" ()| + (1 — )] In ()] de3.21)
0 0

1 1
= 5| Inw*(»)|? 4+ §|lnw*(0)|q.

If we apply the formula (3.21) into the inequality (3.20), then we obtain that

o { oyt |- (1200
0
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IN
Q=

exp{ (5 — o) +1 /1(1—<1a—§>“>ﬁ”d§ ;<|lnw*<z)!f1;|lnw*<a)|q>
0

Inw* (€5 + (1 — €)d)] de $(3.23)

)

If we apply the inequalities (3.22) and (3.23) into the inequality (3.6), then we
obtain that

S

= e {w 0[5y o (L LA )

By a similar procedure, one can obtain

<1 — <1a— §>a>ﬂ

< exp {(6 _ %)aﬁ-‘rl [32 (a,ﬁ,p)]% <|1Hw*(%)|q + |1Hw*(5)"I)

1
exp ¢ (0 — %)O‘B‘H/
0

Q

2

(B+1
[glf‘w(é).fIzw(o)}( :

((5—14)‘15-&-(%—0')0‘5 )

w(%)( of
< exp {(x— By o o (A <1n|w*<o>|*>Q>q}

*

o {(5 — 3054 By (o, B,p)]F (Un = (4)].)1 + (In Iw*(5)|*)q> } |

The proof is completed. O

Corollary 40. Picking a = 1 in Theorem 39 gives the subsequent inequality of
Ostrowski-type with MRLFI:

[%Ifw(a).*l,éw(a)

w(%) ((6—%)ﬁ+(%—a)ﬁ)

= o {(” o <ﬁp1+ 1)
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Corollary 41. Assuming 8 = 1 in Corollary 40 yields the next Ostrowski-type in-
equality:

*

exp {(%_ ”? <pi1>; (EEERE (1H’w*(0)|*)q>31}
X exp {(6 — )2 <6p1+ 1>zl7 <(lnw*(%)|*)q —21- (ln|w*(5)‘*)q>;} |

ForO<p<lando,>0,0d >0 (k=1,2,..,n), we have the inequality

Zak+5kp<2(fk +Z(5k (3.24)
k=1

IN

Corollary 42. If we place » = UT‘HS in Theorem 39, we acquire the following in-
equality of midpoint-type with MCFI:

L(B+1)2%P—148
(5—o)B

Lz <>ﬁze;+5 <>]

*
1

<|1nw*(02+5)|q+|1nw*(g)|q> g
2

1
‘1nw*(‘7—+5)|q+|lnw*(5)|q q

Since |Inw*|? is a conver function, by the inequality (3.24) and the fact that <1 + 3%> <
4, we have

L(B+1)2%P—1a8

(6—0)Ba
8 5T (8) 212w (o)}
2 2

= (75

*
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- 1
|Inw*(8)]9+3| Inw*(a)]|? ¢
o — 1
S exXp 20[32 (Oé,ﬁ,p)]p ( . ! . ) 1
+ (\lnw (a)\q—zi’;\lnw (5)|q>q
/a0 )1+ 8(n " ). ) 7
5 . U l n|ow * n|w O )| % q
= exp (B2 (v, B, p)]» ( > 1
2 ((IH\W*(U\ )q+3(1n|w (¢ )\*)q)q
i—o ) 1
< (| (0)]u]ew™(9)],) 2 “BBRIP

Corollary 43. In the case where we choose o = 1 in Corollary 42, we obtain the
following inequality of midpoint-type with MRLFI

r(g+1)2f-1
(5—-0)8

and

r(g+1)28~1
(5—a)8
{M[fw ), 1%, w@)| 7
2 2
w (026)

IA
@

"

ol

1

n|w*(8)]«)? n|w*(o)]|«)?\ ¢

5_(7( 1 )117 ((1\ (5)|)-23(1| ()l))q
1

In |w*(0)|+)9+3(In |w* (6)]«)? \ ¢

_|_<(| ()|)4(| ()|)>

Corollary 44. If we take B =1 in Corollary 43, we obtain the following inequality
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of midpoint-type:

@ (75°)
1
(el e 91 )
< exp 5_(7( ! )p 2
p+1 1
2 \ptl +(<1n!w*("2+“)!*)"+(ln|w*<6>m)q
2

and

< exp{<5;0>< 11>i<<lnrw*<5>|*>q+43<1n|w*<0>\*>q);}
B p+
Xexp{<5;(7> (pj—l)é <(1nw*(a)l*)qJ;?»(lnyw*((s)\*)q)é}

3.2 Ostrowski inequalities in the First Sense for Bounded Functions

Theorem 45. Assume that the constraints of Lemma 28 are satisfied. If there are
k, K € R" so that k < @w*(») < K for all » € [0,0], then it results in:

aPr(g+1)
(x—0) (6—3c) ] (6—0)

(ﬁzgw(a)) @=2F (fzgw(a)> Ce=a)

@ ()

k

Here, T is Euler Gamma function and B is Beta function.

<

() it [ (11,
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Proof. From the equalities (3.2) and (3.4) in the proof of Lemma 28, we know the

equalities
; _(1—(1—s>‘*)ﬁ dé
= [ (= a-aar 5
0
F<ﬁ+1)1
Tgw(o)|
= 1
w<%)aﬁ(z—a)
and

0/1( RS 1—5)5)](1“ﬁ‘)ﬁ>d€

r'B+1)
T

1
w(%) aB(5—3)

By these equalities, we can write

oPrg+)
(r=0) _G=x) \ T (-0
zew(6)] 7 [Tgm(o)]| =
M
[RiRe] 5o = p—r . (3.25)
The equality (3.25) is follows that
aPr(pt1)
(=) _(6=3) (6—0o)
([ﬁffwwﬂ 7 [Tam(o) W”)
3.26
w(x) (3.26)
1 -
P (s — 1—(1-¢)° B
- () e a-om
o'
0 _

xexpd 2= )0 %)/1[<1(1a€)a)5 Inw*(Ex + (1 — €)6)de
0

. aﬁ(”é")f”)(]/l(l%@”Y(mﬁ@;{moa)M)df

2

>k 3k 3k >k ok ok ok ok ok ok ok ok ok ok ok 3k ok 5k >k ok %k ok ok ok sk ok ok ok ok ok ok sk ok sk ok sk ok sk ok ok ok ok ok ok sk ok ok ok sk ok ok kook kok skok skook skokosk ok ok kok kok skok sk ok skokok kok ok

Surveys in Mathematics and its Applications 21 (2026), 9 — 59
https:/ /www.utgjiu.ro/math/sma


https://www.utgjiu.ro/math/sma/v21/v21.html
https://www.utgjiu.ro/math/sma

34 B. B. Ergiin and H. Budak

o[ [0V - B
0

2

By using the x-absolute value of (3.26), we obtain

aPr(g+1)
(x=0) (6=2) (6—0)
([ﬁsz@)} = [Ty o)] <“>“B)

w()

In @ (€6 + (1 — £)) — W‘df

ofeees ey
0

X exp O‘B(%;i)(fs—%)/l(l—(la_g)a)ﬁ’
0

Inw*(§o + (1 = §)x)

B hrlk—i—an’dg
o 2

Since the function w* is bounded by k£ and K and the function In is increasing,
then the function In @™ is bounded by In k and In K. Thus, we conclude

Ink+1In K InK —Ink 1 K
I (E3e 4 (1 — £)5) — oty A —Ink 1, (2 (3.27)
2 2 2 k
and Ink+InK 1 K
e (€ + (1 — €)o) — 2o FmAT 1y (B (3.28)
2 2 k
If we consider (3.27) and (3.28), then we obtain
oPrpt1)
(xx—0) (6—3c) (6—0o)
([ﬁsz] @7 T (o)] (,,_(,w)

(3.29)

< exp

By using the fact that

/1 [(1—(2—5)“)5] de = a;HB <,8+ 1, ;) (3.30)
0
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we obtain

aPr(gi1
(3x—0) (6—3) (6—0)
([ﬁszw)} AT 213w (o)] <“>‘“’)

w ()

< exp {(%_;)_(i_%) (InK —1Ink) [aﬁl—HB <ﬁ +1, ;)] }
K %[Q;HB@H%)]
- ol (D)}
K\ SR [ A B(s+1.2)]
_ (k> .
This ends the proof. O

Corollary 46. If we set « = 1 in Theorem 45, we obtain the next Ostrowski type
wnequality with MRLFI:

(%70% (67%% (6—0)
(%L’?w(é)) (6=2 (Jﬁw(a)) (=2 (30— ) (8—¢)
- (K (F=o)(BFD)

3

@ ()

*

Corollary 47. Setting 5 = 1 Corollary 46 gives the upcoming Ostrowski-type in-
equality:

(j’(w(f))df> e (f<w<s>>df> o < (K> o
] =% |

w (s

*

Corollary 48. If we choose » = (’TJ”S i Theorem 45, we obtain the next midpoint-

type inequality for MCFI:

aP20B7lr(a41)
5 (6% B (63 (6—0—)‘1[3 —0o
—\ k

= ()

*
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Corollary 49. If we assign o = 1 in Corollary 48, we acquire the following inequality
of midpoint-type with MRLFI:

287141
(6—0)B

Corollary 50. If we take B = 1 in Corollary 49, we have the midpoint-type inequality

1

(ﬂw(@)ds) )

@ (%)

=2}

4 Ostrowski Type Inequalities in the Second Sense for
MCFI

4.1 Ostrowski Type Inequalities in the Second Sense for Multiplica-
tive Convex Functions

Lemma 51. Assume that @ : [0,0] — R is a multiplicative differentiable mapping
on (0,9). If w* is multiplicative integrable on [o,d], then the following equality holds:

T(p+1)
[glf‘w(%).fIg‘w(%)}

(57%)a[3+(%7[,)aﬂ) (41)
B

w(%)( «

1 a
- |/ ([W*(fﬂ(l—f)%)](“lﬁ_((‘”@m)
0

d£ (57%)0[3-'—1

1 (%—0')0‘6""1

(o (1ma—em A\ %
x / ([w*(fa+ (1—€)5)] (- (=57) >>
0
Here, a € (0,1],8 > 0 and T is Euler Gamma function.
Proof. Let I be the right side of (4.1) and let I := I x I, where
1 dg
a1 (1=a-9*)7°
n=f ([w*<sé+ (- gl (5) )>

0
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and
1 e de
I, :z/([w*(&f—l—(l—f)%)]_(aﬁ_(<a£>)ﬁ)> ‘
0

By using Theorem 8, we have

d¢

n = j(bﬁ@&+u—@%nﬁ‘““f”y) (12)
0

N /1<[W*(§5+(1—5)%)](Sﬁ(”L““)B)(é%)>ds =
0

) : 1
[(56)) 76 f(m@&+u—@%w”“ﬂ“%k%wv&v%rﬂ
|0

1 1

[o0(3¢)] P :eXp {ofl B - gt (209 e 1 g)%)dg}] -

5 51
N Y Y — / ((5 i)l Ul W) (6 — k)™ e (k)dk

()] 76 (6= o

F(B+é)+1
[z T

1
w(%) aB(5—x)

and similarly

/ (1 (1—a-9*\F dg
L= /([W*(§a+(1—5)%)] (w (=% ))) 43)
0

LGSV
x—o)B+
oZew ()|

1
w<%) OB(%—a')

Here, using (4.2) and (4.3), taking power of (§ — 2)*?*! for I; and the power of
(3¢ — 0)*P+1 for I, we obtain the equality (4.1). Thus,the demonstration of Lemma
51 is concluded. O
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Remark 52. If we assign »x = "TJ”S in the equality (4.1), then the equality (4.1)
reduces to

- L(B+1)al 20871
T (75) T (7))

(6—0)aP
4

—1-9° d
(o (e g 5

< | = (B + 559)] (H-(=))

which is demonstrated by Budak and Ergin in the paper [18, Lemma 6].

Corollary 53. If we choose o« = 1 in (4.1), then we gain the next identity for
MRLFI:

r(p+1 (6—5)B+1

[Ulfw(%).*lfw(%)

o) (@)

) 1
- / (1= (69 + (1 - £)s) 167
" (%_U)BH

1
| [ (o + - 0-)
0

Theorem 54. Assume that all conditions of Lemma 51 are met. If |w™*|. is multi-
plicatively convex over [0, ], then for a € (0,1] and B > 0, we establish the inequality
regarding MCFI:

T(B+1
[gffw(%).fIg‘w(%)} 7y

(57%)(!/34»(%70)&6) (44)

ZUOQ( ° "

. —o)OBEL §_s)ept+17C1(a,B) N o) @B+ (5— 50 ef+17 Di(eB)
< [l @I @ @1 [l e[ O T

*

Here,
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and

[O} - (=52 f)aﬂ (1 - €)de

1 (1 1 2
- e (ed)]

Proof. Consider multiplicative absolute values in Lemma 51, we obtain

T

i,

L

=

I
o _

I(B+1)
[Esz(z).fzg‘w(%)} (

(5—%)‘3‘B+(;4—o')o‘5)

w(%)( o?

*

1B_<1—(1—5>a>5
) (alﬁ ) (1— 0- 5)“)6>

Leveraging the multiplicatively convex characteristic of |tw*|, on the domain [o, ¢],
we can subsequently infer

Inww™(§6 + (1 — &)s)| d¢ (4.5)

Q

1
< exp (5—%)“5+1/
0

Inw*(§o + (1 —&)s)| d¢

1
x exp } (s — o)t /
0

IInww*(§0+ (1 —&)»)| =In|w"(§6 + (1 — )|« < Emfw™(9)[x + (1 — &) In Iw*((z)lsg
.6
and

e (o + (1 - £)50)] = In [&" (0 + (1 - £))]s < En[o"(0)]s + (1- &) In " (3]s
(4.7)
for all £ € [0,1].
When the inequalities (4.6) and (4.7) are applied to (4.5), we obtain following
inequality:
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O =2 Infer (). | [(jﬁ - () ] (1 —f)d{)
« * ; —(1=¢)“ ﬁ
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+oe= ol Gl |- (299)") - o)
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0
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= oo{ (e i)
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— @ @ C (arﬁ)
— =@l e
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< [\w (3¢)| =) 40 =) } ‘

= exp

This ends the proof of Theorem 54. 0

Corollary 55. Let @ : [0,0] — RT be a multiplicative differentiable on (o,9). If
|Inw*| <InM on [o,6], then we have the following Ostrowski inequality for MCFI

}F(/BH)

[pZew () LTy () AT ) 1 (341,

(T

((57%)0‘[3«%(%70')0‘[3)

w(%) ( abf
Here, I' is Euler Gamma function and B is Beta function.

Corollary 56. Picking a = 1 in Corollary 55 gives the upcoming Ostrowski-type
inequality for MRLFI

r'(8+1
O—Ifw(%).*ffw(%)} D

< (=P Gm0) ) (527)
w(%)(((if%)ﬁJr(%fa)B) )

*

Corollary 57. Picking § =1 in Corollary 56, we obtain the Ostrowski-type inequal-
ity for multiplicative integrals:

) -0
(f<w<§>>df> o
o M(é—%) 42-(%—0) ‘
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Corollary 58. If we set » = 748 4y Theorem 54, we obtain the next wnequality of

2
midpoint-type:

L(B+1)ab20b~1

iz (=) Sz (3g9)]
%)

@ (%°

*

aﬁ(ﬁfo')
4

= [<lw*<a>|*w*(&h)cﬂaﬁ)><

Lf[O+0
“ 2

Particularly, since |@* |, is a multiplicative convex function, we get

2D1(0c,,3)]

*

r(g+1)ab20b—1
) (6—0)2B

< [l=* (@) (0)].) 7 OB (12).

oI (%) Py (73
=)

Corollary 59. In the case where we select « = 1 in Theorem 54, we get the next
inequality of Ostrowski-type for MRLFI:

L(B+1)
[UIEW(%).*I?W(%)}

w(%) ((67%)6+(%70)5)

< |:’w*(o_)’>(k%—0')5+1‘w ( )| (6— ;«z)ﬁ+1:| (2(ﬂ+2> [ ( )’£%—U)B+l+(§_%)3+l:| (%—m) .

|

Corollary 60. If we pick 8 = 1 in Corollary 59, we acquire the next inequality of
Ostrowski-type:

[

Example 61. The function w(s) = e* is positive and the function |@* ()|, = e

)
(W(E))d§>

@(x)

A —q,

2x

1s multiplicatively convex. For the values 0 = 0,6 =1 and » = %, we have
@I = (@ ) =1 (48)
a a aB+1
*(8)| 0T = (w(a)) 0 = 2(3) (4.9)
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% (=o)X 4 (§— )BT % (3e—0) B4 (§—s0)@B+1 1;2;5?1—1)1
| (50) x = (@(x)) = 10)
and ,

(6=5)P 1 (se=0)P 1422 4( 14208
O=x) "1(x=0) = 2 2B3aB 4
w(%)< o ) =w <3>( ’ ) :eg(“’e?’aﬁ). (4.11)
By Definition 22, we have
2
bTtw(x) = (10w (3) (4.12)
3 -1
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— oxp &V n(ef)de
r / ( «
{ (8) )
3 51
1 (%)a — £a> 1
= exp ¢
r / ( «
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1 (2)" o
3 a+1
= exp £ dg
i (05 )
5))
1
2a5+2 B 2
= exp T(5)3°F 2P / Yuadu
0
9af3+2 9
= - B[ —+1
eXp{F(ﬁ)3aﬁ+2a5 (a+ 75)}
and similarly
2
PT¢w(x) = PItw (3) (4.13)

1 1 2 2 1 1
= e { s |57 (P2 +1) 57 (20 +1) 73]

From (4.11)-(4.13, we get
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exp {5 [B(8,2 +1) (4272) ~ 3B (5. L +1) + 5]}

7<1+2aﬁ)
9
e aB3aB "

aff+2
exp{?)aﬁiﬂ [B (ﬂ,2+1> <H29) — gB <B,i+1) + 9%8 (5—2aﬁ+2>]}

and from (4.8)-(4.10), we get

[ a «a Ci(a,8 «a «a Dy (c,B
(= @) @) 6 T [ e e e

ES

1+2a,8+1) Dl(Oé,B)
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;(I;z;:i#)rw)

2 4 (14 2081
— e { (o) a3 (o) D@t |

Here, we take advantage of Ci(a, ) and Di(a, B) as defined in Theorem 5.
Finally, by the equalities (4.14) and (4.15), the equalities (4.4) reduce to

af+2

el (02) (45 (o) -]
af+1

< o { (G ) il + 3 (Fpamer ) D) | (4.16)

One can see the validity of the inequalities (4.16) in Figure 2.

2 }Cl(aﬁ)

— e3aﬁ+1

25 [ The left term
[ The right term

Figure 2: Comparison of the terms of the inequality (4.16)
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Theorem 62. Let w : [0,0] — RT be a multiplicative differentiable function on
(0,0). If |Inw*|? is convex on [o,0] for ¢ > 1 with %—i— % =1, then, for f > 0 and
€ (0,1], the following inequality in related to MCFI holds:

r(8+1
{gffw(%).’flg‘w(%)} ()

(5—%)a3+(%_a)af3)

o (5 .
< exp {(6 — 5P Az (o, B,p)]P (“ﬂ < 0 (e \w*(zW) }

<(ln j@*(0)]+)? + (In ‘w*(%”*)q) ;} |

3 =

X exp {(% — o)t Ay (a, B, p)] 2

Here, I' is Euler Gamma function, B is Beta function, and

Ao = o 1= 28 (v 41 3]

Proof. We now analyse the integrals on the right part of (4.5). By applying the
Holder’s inequality, we obtain

1{3_(1—(1—@&)5

1 _ a8 p % 1
< expd (5 s / ((jﬂ_ (1(1af>> ) de / In (€0 + (1 — €)32)" de
0 0

Using the convexity of (Inw*)?, we get that

1
exp (6 — %)O‘BH/ Inww* (€6 + (1 — &) )| dE (4.17)
0

S

1 1
/\1nw*(§5+(1—g)%)\qozg < /g\lnw + (1= &) Inw()|7] dg4.18)
0 0

| Inw*(6)|? + | Inww*(5)|?
5 .
If we apply the formula (4.18) into the inequality (4.17), then we obtain that

;_(1—(1—5)&)5
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0
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= exp {(6 — %)aﬂ-l—l [As (Oé,ﬁ,p)]% <(ln‘w*(5)|*)q + (In ’w*(%)‘*)q> q} |

2

Similarly, we have that

1
exp (%—J)QﬁH/ Inw*(§o + (1 — &) )| dE
0

(- (=)

< exp{(%_a)aﬁJrl 4y (0, B, p)] ((lnlw*(o)|*)q + (lnlw*(%)|*)q>q}. (4.20)

Here, we used the fact that
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_ S O~ _

s ()

1 1
e CR)]

= AQ (Oé,ﬁ,p)

and the known inequality
(k—=0°<E°—1° fork>1>0and s > 1.

If we apply the inequalities (4.19) and (4.20) into the inequality (4.5), then we
obtain that
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(67%)0‘6#»(%70')‘3‘5)
B

w(%)( *

< exp {(5 _ %)aﬁﬂ [As (a,ﬂ,p)]% <ln |w*(5)|g _; In |W*(%)|z) q}

- {(” — 0)" P 43 (o, B, p)] (““ = (@)le)! + (o \w*(%ﬂ*)q) } .

This finalizes the proof. O
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Corollary 63. Picking a = 1 in Theorem 62 gives the subsequent inequality of
Ostrowski-type for MRLFI

L(3+1)
[offw(%).*lfw(%)}

)(((5—%)ﬁ+(%—a)ﬁ)

w (s
*

< exp{((g_ )P <Bﬁp )’1’ <(1H|w*(6)|*)‘1 ; (1n]w*(%)|*)q>§}

X exp {(% ~ )Pt <6 Bp )i ((ln |o*(0)]+)4 ; (In |w*(%)’*)q> ;} |

p+1

Corollary 64. Assuming 8 = 1 in Corollary 63 yields the next Ostrowski-type in-
equality:

*

< exp{(55: b <pi1>; <<lnrw*<é>\*>Q+2<1n|w*<z>r*>Q>i}

con {0 ()’ (B ity

Corollary 65. If we place »x = "T‘"é in Theorem 62, we acquire the following in-

equality of midpoint-type for MCFI
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Particularly, by considering the inequality (3.24), since |Inw*|%is a multiplicative

)
)
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4
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convex function, we have

oP2eB-1rg11)
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Corollary 66. In the case where we put o = 1 in Corollary 65, we obtain the
following inequality of midpoint-type for MRLFI:
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Corollary 67. If we take =1 in Corollary 66, we obtain the following inequality
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of midpoint-type:

o490
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4.2 Ostrowski Inequalities in the Second Sense for Bounded Func-
tions

Theorem 68. Assume that the constraints of Lemma 51 are satisfied. If there are
n, N € Rt so that n < w*(x) < N for all 3 € [0,0], then the following Ostrowski
inequality for MCFI is valid:

oPrpi1)
(6—3) (3x—0) (6—0o)
(51;%(@) G (fzgw(%)) <w)aﬁ]
@ ()
(]Vt>(%(gﬂf);o[ (B+1N¥H
< — .
n

>k 3k 3k >k ok ok ok ok ok ok ok ok ok ok ok 3k ok ok >k ok %k ok ok ok ok ok ok ok ok ok ok sk ok ok ok sk ok sk ok sk ok ok ok ok kok ok ok sk ok ok kook kok skok kook skokoskok ok kok skok skokskokskokok kok ok

Surveys in Mathematics and its Applications 21 (2026), 9 — 59
https:/ /www.utgjiu.ro/math/sma


https://www.utgjiu.ro/math/sma/v21/v21.html
https://www.utgjiu.ro/math/sma

A comprehensive study on Ostrowski-type inequalities 49

Here, I is Fuler Gamma function and B is Beta function.

Proof. From the equalities (4.2) and (4.3) in the proof of Lemma 51, we know the

equalities
1 dg
1 (1-(a-9*\F
[1 = /([w*(§5+(1—§)%)](“6 ( o ) ))

0
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w(%)aﬁ(;—u)
and

1 ) e d¢
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0
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T2 ()|
1
w(%) af (3c—0)

We can formulate the equalities I and I as follows:
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By equality (4.21), we have
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aB (—0)(6—)
0—0o

I | () = | e (19 = g

0
By using the - absolute value of (4.22), we obtain
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Since the function @™ is bounded and the function In is increasing,then the func-
tion Inw™* is bounded by Inn and In N. Thus,we conclude
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By using the rules of integration, we have

/1 [alﬂ - (1—(2—5)“>5] ds = alﬁ [1 - éB <ﬁ +1, ;)] : (4.26)
0

If the equality (4.26) is substituted into (4.25), we obtain
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This ends the proof. O

Corollary 69. If we set « = 1 in Theorem 68, we obtain the next Ostrowski type
wnequality for MRLFI:

D(B+1)
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Corollary 70. Setting 6 = 1 Corollary 69 gives the upcoming Ostrowski type in-
equality:
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Corollary 71. If we choose > = 22 in Theorem 68, we obtain the next midpoint-

2
type inequality for MCFI:

aP20B-1p(g411)
+6)} Gyt G- [1-1B(p+1,1)]
2 < (N) 4 « (e

JTew (o) i1

Corollary 72. If we assign o = 1 in Corollary 71, we acquire the following inequality
of midpoint-type for MRLFI:

5 25_11‘(6;1)
[l (752) I (258)] O <<N>Ef<;i’£
@ (757) S/

*

Corollary 73. If we take 8 =1 in Corollary 72, we have the midpoint-type inequal-
ity:

5 Conclusion

In this paper, we have thoroughly examined the multiplicative conformable fractional
integrals (MCFT) and established Ostrowski-type inequalities for these integrals in
two distinct senses. Through the derivation of novel identities for multiplicative
differentiable functions, we were able to prove various Ostrowski inequalities using
the concept of multiplicative convex functions and the well-known Holder inequal-
ity. Additionally, we extended these inequalities to functions whose multiplicative
derivatives are bounded. Our results not only contribute new Ostrowski-type in-
equalities for multiplicative conformable fractional integrals but also establish con-
nections with existing inequalities for multiplicative Riemann-Liouville fractional
integrals (MRLFT) and multiplicative integrals. Special cases of our findings reveal
meaningful relationships with established results in the literature. Furthermore, by
presenting illustrative examples and 3D graphs, we have provided a clear visual-
ization of the theoretical outcomes. The derived inequalities in both the first and
second senses offer a deeper understanding of the underlying properties of multi-
plicative conformable fractional integrals and their applications. In future research,
the interested authors can generalize these obtained results for the other types of
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convexities such as multiplicative s-convex, multiplicative h-convex, etc. Moreover,
the methods in this paper can be applied for the establishing some other well-know
inequalities such as Newton type inequalities, Maclaurin type inequalities, etc.
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